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Abstract

Undertaking the scattering of a dyon from a hydrogen atom it has been demonstrated that
scattering cross section is perceptibly modified from the scattering cross section of
scattering of an electron from a hydrogen atom due to the presence of magnetic charge on
dyon and high energy of dyon involved in the scattering process.

1. INTRODUCTION

Physicists have long been interested in the existence of magnetic monopole. The
early historical interest in monopoles was due to the symmetry between electric and
magnetic fields in Maxwell's equation. However, due to lack of abundance of free
magnetic charge compared to electric charges they were not included in the final
formulation of those equations. In 1931 Dirac’ showed that existence of free magnetic
charge (Dirac monopole) could provide reason for quantization of electric charge?. This
work motivated renewed interest in searching for monopoles. Although there was no
guidance as to the mass, size, etc. of these monopoles several experimental consequences
were apparent.

It was assumed that the monopole mass would not be very much different from
other elementary particles (e. g. protons) and would be highly relativistic. As such these
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would produce a great deal of ionization while passing through matter but none of these
effects were observed and literature turned partially negative casting doubt on the
existence of these particles.

A fresh interest in the subject was enhanced when 't. Hooft® and Polyakov”
demonstrated separately that monopoles exist as solutions in many non-Abelian gauge
theories. The possibility of these GUT monopoles provide stimulus for much recent
interest in the subject. These monopoles have enormous importance in connection with
the problem of quark confinement ° of quantum chromodynamics, C.P. violation®, Proton
decay’ and baryon number non-conservation processes®. Inspite of potential importance
of these particles the theories to describe them suffered from many paradoxes such as
Dirac's veto and wrong connection between spin and statistics®. Schwinger® showed that
some of these problems can be resolved by taking electric and magnetic charge on the
same particle known as dyon. Moreover, Witten has shown that monopoles are
necessarily dyons®.

The theories to describe these particles were also clumsy and manifestly non-
covariant. In order to develop a theory for these particles which will be conceptually as
transparent as the usual quantum electrodynamics is, we *?*3started with the idea of
two four-potentials to avoid the use of singular potential by taking generalized charge,
generalized four potential, generalized four-current associated with these particles as
complex quantities with their real and imaginary parts as electric and magnetic
constituents. With the help of this theory we have undertaken the study of bound states
and scattering of dyon-dyon* and dyon-fermion *° systems and it has been demonstrated
that exact solutions of bound states for these system in relativistic frame work is not
possible due to the presence of a term vanishing more rapidly than r* in the potential of
such system. To overcome this difficulty we studied the Pauli equation for dyon-dyon™
and dyon-fermion *” system by adhoc introduction of spin in the Hamiltonian of the
system and obtained bound state solutions in Abelian and non-Abelian gauge theories.

We have further studied the bound states of three and four dyons ***° and have
demonstrated that the bound state solutions are quite modified from the bound state
solutions of quantum electrodynamics due to the presence of magnetic charge on dyon.
Extending this work in the present paper we have undertaken the problem of scattering
of an energetic dyon from a Hydrogen atom and it has been demonstrated that scattering
cross section is perceptibly modified from the usual scattering cross section of a fermion
from Hydrogen atom due to the presence of magnetic charge on dyon.

44



P.C. Pant et al./Sri Lankan Journal of Physics, Vol.1 (2000) 43-55

2. SCATTERING OF ADYON FROM A HYDROGEN ATOM

In order to undertake the scattering of a dyon from a Hydrogen atom we assume
that atom has infinite degrees of freedom, so that it can be excited during the scattering
process. The incident dyon may change place with the electron of atom and hence
exchange effects may occur in the collision. The incident dyon produces generalized
electromagnetic field which may polarize the target atom and hence polarization effects
are also involved .

If we consider the energy of incident dyon as very high the exchange and the
polarization effects are unimportant and can be left out of consideration.

The Hamiltonian for describing the scattering of a dyon by a Hydrogen atom may
be written as

A=, + 0 (2.1
2 2 2

where H, = _h_vlz —h_v% _&
2m 2m N

describes the internal motion of the atom together with the kinetic energy of the relative

motion of the incident dyon and the scatterer atom and

2 2 2 2
Ar--% 4 (eg)z _E (eg_)2 -(2.2)
2 2mr, 2 2mn

represents the interaction between the incident particle and the scatterer. Hence equation
(2.1) can be written as

2 2

N S S s S GO () R S )
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2m 2m N 2 2mrf; 2 2mr3

(23)

The eigenfunctions of H o are specified by two parameter

':'od’oca(rl’?z) - Eaa‘l’aa(?l’?z) (2.4)

Here o - specifies the initial quantum state of the incident dyon and a-specifies that of
the atom. We can write

doalfi T2) = Wa(fi)og () ..(2.5)
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where w,(F;) is the unperturbed wave function for the atom and ¢, (%) = exp

(iRa,fz) is the free particle wave function for the incident dyon.

Ega = Eq+ € (2.6)

oa

where, E, is the kinetic energy of the incident dyon and e, is the unperturbed
elgenvalues of the atom.

We can write the wave function nga) of the total Hamiltonian H in the Born
approximation as follows

(+)

Vaa (%) = 0galfi T2) + i—?IGQ(ﬁ’E;WE’)
H'(rl',fz')wg‘g(?l’,fz')d3r1'd3ré (2.7)

where Gﬁ:a)(?l : ?2;?1', ?2’) is the Green's function for the solution (2.6).
If the el)outy of incident dyon is very high, we can use the Born Approximation
(replacing w4 inside in eqn. (2.7) by( ?free particle function ¢, ) and hence, we

can write the asymptotic behaviour of w4 as follows

o o exp(ik,r . . -
\ys;)(rl, r2) — > ¢aa(r1’ r2) + %%f(kﬁ, b; K¢, » a)wa(rl)
(2.8)
where
f(RB, b; Ra,a) = ” exp(lkB rz)vvb [ )H rl, r2
b7 T3 )d rid’rs
= —4721%’”‘ eXp(—iRB rz)\/\/b rl I‘l, I’2
exp(iRa -?2') Wa(?l')dj’rl’dj’ré
(2.9)
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or f(RB, b; Ky, a) = _2_m” exp(iR : ?Z)W’E(FI)H’(TI’, ?2’)
w,(F)drd’r  .(2.10)

where K = (Ra - RB)

or, deleting primes on the variables of integrations, this can also be written as:

f(kg, bi Kg a) = - 2 ([ exp(iK - 7 (7 )H (7 72)

4nh?
wy(f)dnd’n,  L(211)

Now, for considering dyon scattering from a Hydrogen atom we start with the following

Hamiltonian
2 2
2 2
L ()" ¢ (eg)

(v =\ _ _ e
" (rl’ r2) B Mo 2mr2 h  2Mr?
12 2

(2.12)

Thus the scattering amplitude (2.11) can be written as

2

2m o 2] 1 1 (eg) 1 1
f=——"—||explik -Fy)-e°3—+—F + ——— + —
4nh2” (f-72) {ﬁz fz} M\ rd

(2.13)
Solving this equation in the usual way, we get
2 —
f = :;EZ ”1 ~ exp(ik - Fl)]\/v;(?l)wa(?l)d3rl
2
+ %j [1 - exp(ik - 7y ) (1 Jwa (7 )y (2.14)

For elastic scattering, the initial and final state of the atom are the same i.e. w, = wjp and
‘ka‘ = ‘kB‘ follows from the energy conservation. Therefore, we may write scattering
amplitude as
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2 —
fo = ;rzniz ”1 ~ exp(ik - ?1)]\/\/;(?1 Jwa (i Jd3n

MEY) 1, 3
Mh2 [1 exp |k ]W r1 N ...(2.15)

If we consider ground state of the atom the scattering cross section is given as\

-2 2
oo (L2 2) 2 Kk(eg)
fo(0) = 22 [l (1 3 agk }{e Ly

In the high energy case where Born approximation is valid the scattering amplitude is

,2m |2 k(eg)?
Klarge h2K>2 2M

..(2.16)

i (2.17)

el

For inelastic case, wj is different from wy, and hence the first term of both the integrals
in equation (2.14) are zero because of orthogonality of unperturbed states of atom. So,
we have

2
2me o
finel. = — 7 Iexp(lk rl)wb rl d N
ok
2
m(eg) -
- explik - T rl d N ...(2.18)
Mr2 k> Jesofik- (1)

Let us consider the case when the ground state of atom (1s - state) is excited to the 2s
state (first excitation) due to collision with incident dyon. The scattering amplitude for
this scattering is given by

2m | 2 k(eg)2 SN 43
finel (IS = 29) = _7127 Y Iexp(lk- rl)w2s(r1)wls(r1)d N

(2.19)
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For Hydrogen atom we have

o~ )
Wi = expl — ¥
Is nag p AO
..(2.20)
1
Wog = —(2 - ra jexp(— ra j
42783 / 0 / 0
h2
where a, =
2
Me
There fore,
2m 2 k(eg)2 1
finel(ls —> 28) = — ) e~ + M 3
h<k 4n\/5a0
o r 3 r |3
jexp(lk : r) exp[z - a—] exp[—za—Jd r
0 0
..(2.21)
The above equation gives us
2 2
82 - a k(eg)
0 2 )
finel = 3 e~ + (222)
2(9 2.2 M
h (4 + k aoj

3. EXCHANGE SCATTERING OF DYON FROM HYDROGEN ATOM

In exchange scattering, the dyon takes the place of electron of the atom (having
coordinate r;) and the electron of the atom is scattered. In this case, coordinate of the
incident dyon r, and coordinate of the electron of the atom (as shown in fig. 1) i.e. rpare
interchanged after scattering has taken place and hence the final state ¢g for the

exchange scattering can be written as
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Also, the asymptotic behaviour of wg;)(fl, ?2) is given by

explikgry] /. -
\pgja)(fl,fz) — >% (rlB )g(kB,b;ka,a)wb(Fz)
(32)

There is no scattered part here because the dyon is captured in the atom. The scattering
amplitude g(RB, b; E a) in the exchange scattering is given by

g K a) = =2 OB 0 o (. okl o'

2—2” exp(il_{B : rl)WZ(rZ)H’(YI,?Z)WS;)(?l, ?2)d3r1d3r2

..(3.3)
Since, we are assuming that the incident dyon is a fermion so that total wavefunction
must be antisymmetric. In non-relativistic limit the wavefunction can be written as

follows

\y(+)(fl, ni§.5) = w(+)(?1,f2)x(+)(§1,§2) (34)

where w(+)(?1,F2( is the space part and X<+)(§1, §2) Is spin part of the total wave
function. Since y )(§1,§2) describes two spin half particles, we can have either a
singlet state or a triplet state. The singlet state is

g (5:52) = < {al)p) - o(2)R0) 69)

which is antisymmetric. Thus to make the total wave function antisymmetric, we symmetrize the space

part

(+) (+)

\If(s;rlzn.(?l’ F2) = Woca(?l’?Z) t Vaa (?2’ ?1) ~(3:6)

The first function on the right hand side corresponds to the direct scattering and the
second one corresponds to exchange scattering. Asymptotic behavior of the symmetrized
wavefunction (3.6) can be written as

exp(ikB rl)
|

"’(SJ)F’%-(FI’E) e ol T2) + % (f + Qwp()  .(37)
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Thus the scattering amplitude in the singlet state is the sum of the direct and exchange
scattering amplitudes and hence the scattering cross section for singlet state is given by

k
Ssing. = k—B|f + g .(38)
a

The triplet state is given by

+
ri

X(t ?O.(§1, )= B(1)B(2) (3.9)

i.e. all the triplet states are symmetric. Thus to make the total wave function anti-
symmetric, we make the space part antisymmetric

W(amisym.(fl’?z) - ‘Vg;)(fl’?z) - wgﬁ(fz,ﬁ) .(3.10)

In this case, scattering amplitude will be |f — g| and hence the scattering cross-section
in triplet state is given by

k
Strip. = - If — o .(3.12)
o

Equation (3.8) and (3.11) give the differential scattering cross section including
exchange effect. Total differential scattering cross section is the sum of the o, g. and
with their proper statistical weight factor

do 1 3
(d_Q)tot. = 4 Osing. T 74 Ctrip. .(3.12)

In order to evaluate equation (3.12) we should calculate f and g. The direct scattering
amplitude f has already been calculated and is given by equation (2.14) while g is given

by

Strip.

’7 _42%” exp(-ikp 'fl)WE(fz)H'(Tllfz)WgQ(fl’?2)d3r1d3r2
T
.(3.13)

To calculate g, we make ﬁjse of Born-Oppenheimer-approximation. In this
L (+)/. - TN

approximation, we replace ‘Voca(rl’ r2) by the state ¢oca(r1’ r2) ; the unperturbed

wave function before scattering
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2—?” exp(—iRB : FI)W’E(?z)H’(Tl, Fz)exp(ika : rz)wa(Tl)d3rld3r2
.(3.14)

The initial and the final states of the atom are not orthogonal to each other. Due to this, a
number of defects are incorporated into Born-Oppenheimer approximation. To overcome
these difficulties we use another approximation which is due to Ochkur. In this
approximation, g is expanded in the inverse powers of k. and the leading term is only
retained, We have
0=0ee +ne ...(3.15)

Where ggo is the contribution due to dyon-electron interaction and g, is the
contribution due to nuclear interaction.

We have
2me { } _ 1 = - N N
= - ex Wh(Ty ) ——explik, - Ty )W, (T )d rd”r
Jee =773 [[ow b(%2) - plike, Ty Jwa (7 )d ryd ry
” exp{ }Wb(@)Lexp(iROL -?2)Wa(?1)d3rld3r2
2th2 '
(3.16)
Now
2 22 s?
and hence
2
2me 1 = S\ k(o - \43
9(Ochkur) = ~ ) 'K_2J-6Xp('k0‘ ' rz)Wb(rZ)Wa(rZ)d b}
o
2
m(eg) 1 N\ % S \43
: K. .
aMr? Ky [exp(ike, 2 Jwp (T Jwa (72)d ry
.(3.17
with the help of above equation and from the direct scattering amplitude (2.14). we get
k? 2me? m(eg)2 K
= f - Oha + T ..(3.18
9(Ochkur) K2 12,2 Oba T e T Oba (3.18)
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For inelastic scattering a # b. Therefore &4, = 0 and hence we get

K2

St .(3.19)
2
KO(,

9(Ochkur) =

For elastic scattering, a=b i.e. 5y, = 1. Therefore

2 2 2 K
g 2me” m(eg)2 Ko (3.20)
K2 n2K aM# K

9(Ochkur) =

Now, for elastic scattering of dyon with hydrogen atom.

-2 2
m k
f 2 [1 - (1 + i agkzj ][ez + _(eg)

T 22 2Mn

I

For Born approximation

2
Kk
o 2m 2 ke (321
n2k2 M
Therefore
2
1 | 2m(eg) ( Ko
9d(Ochk = 1+ ..(3.22)
(Ochkur) 2 | avn2K2 K

Hence the elastic differential scattering cross section for dyon-atom scattering in the
exchange effect is given by

G0, =3l soemkul” = 31 - gocnar”
A/ o1 4 Ochkur 4 Ochkur

)
Ko k} ..(3.23)
KK,

me?2 m(eg)2

k2 aMr?
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Fig. 1 Index ‘A’ refers to incident d yon and indices ‘1’ and ‘2’ refers to proton and electron of the

Hydrogen atom respectively.

4. DISCUSSION

Hamiltonian (3.1) describes the dynamics for scattering of a dyon by a Hydrogen
atom. Equation (3.7) is the wave function for the total Hamiltonian under Born
approximation and scattering amplitude for this case is given by equation (3.10).
Equation (3.16) describes the scattering amplitude under Born approximation for elastic
scattering . Scattering amplitude for elastic scattering given by equation (3.17). Equation
(4.8) and (4.11) give the differential scattering cross section including exchange effect
i.e. where electron of hydrogen atom is replaced by the incident dyon in the scattering
process. Total differential scattering cross section is given by equation (4.12). Equation
(4.22) describes the total scattering cross section for scattering of a dyon by hydrogen
atom with inclusion of exchange effect. All of these scattering cross sections are
modified from the usual scattering cross section of scattering of a fermion on the atom
due to the presence of magnetic charge on dyon. These scattering cross sections reduce
to the usual scattering cross sections of scattering of a fermion from an atom in the
absence of magnetic charge.
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